A new twistorial field formulation of a massless infinite spin particle is derived. We find a twistorial infinite spin field and derive its helicity decomposition. The twistorial equations of motion for infinite spin fields in the cases of integer and half-integer helicities are derived. We show that the infinite integer-spin field and infinite half-integer-spin field form the N = 1 infinite spin supermultiplet. The corresponding supersymmetry transformations are presented. We prove that the supersymmetry algebra is closed on-shell.
Introduction
Principles of symmetry, formulated in terms of group theory, play a remarkable role in theoretical and mathematical physics. It is sufficient to say that the Standard Model is constructed on the base of gauge principle, which imposes the essential restrictions both on classical Lagrangian and on scattering amplitudes. The fundamental contribution to realization of the gauge principle in quantum field theory was done by A.A. Slavnov [1] . The paper under consideration is devoted to some aspects of symmetry related to Poincaré group.
Relativistic symmetry associates the elementary particles with irreducible representations of the Poincaré group ISO ↑ (1, 3) (or its covering ISL(2, C)). Classification of the ISO ↑ (1, 3) unitary irreducible representations was given in [2, 3, 4] . Unitary irreducible representations of the Poincaré group, which are usually interesting from the physical point of view, act in the space of states with non-negative mass squared m 2 ≥ 0 and non-negative energy E = k 0 ≥ 0 (here k 0 is zero component of 4-momentum of particle).
To characterize these irreducible representations we need to consider the corresponding irreducible representations of the Lie algebra iso(1, 3) with generatorsP n ,M mk (components of momentum and angular momentum) and defining relations [P n ,P m ] = 0 , [P n ,M mk ] = i (η knPm − η mnPk ) ,
where metric tensor is ||η mk || = diag(+1, −1, −1, −1). There are 2 classes of physically interesting unitary irreducible representations (irreps) of Poincaré group: 1. massive irreps and 2. massless irreps.
1. Massive irreps. The algebra iso (1, 3) has two Casimir operatorsP nP n andŴ nŴ n , wherê W n = 1 2 ε nmkrM mkP r are components of the Pauli-Lubanski vector which satisfŷ
On the space of states of massive irreducible representations the Casimir operators are proportional to the unite operator I:
where the real number m > 0 is called mass and the real number j ∈ Z ≥0 /2 is called spin.
2. Massless irreps. The Casimir operators of iso(1, 3) arê P nP n = m 2 = 0 ,Ŵ 2 =Ŵ nŴ n = −µ 2 . In this case we have two subcases: A) µ 2 = 0 and B) µ 2 = 0.
In massless case A) we obtain usual massless helicity representations witĥ W 2 = 0,P 2 = 0,P nŴ n = 0
where central elementΛ ∈ iso(1, 3) is called helicity operator and its eigenvalues are Λ = 0, ±1/2, ±1, ±3/2, . . . .
In massless case B) we haveŴ 2 = −µ 2 ,P 2 = 0,P nŴ n = 0 , which correspond to massless irreducible representation of infinite (continuous) spin.
To describe these representations we have to introduce "canonically conjugate" toP k , W n variables x k , y n :
Then, as it was shown in [2, 3, 4] , the massless infinite spin irreducible representations of the Poincaré group are realized in the space of wave functions (WF) Φ(x, y) which satisfy the conditions
This paper is devoted to some aspects of theory of massless infinite (or continues) spin unitary irreducible representations of the ISL(2, C) group. Various problems related to the quantummechanical and field descriptions of such states were considered in a wide range of works devoted to particles and fields of infinite (continues) spin (see, e.g., [5] - [27] ). Motivation of the investigations of the infinite spin representations is caused by an identical spectrum of states of the infinite spin theory [5] and the higher-spin theory [28, 29, 30] (see also the reviews [31, 32, 33] ) and by its potential relation to the string theory (see [34] and recent paper [35] and references in it) as candidates for Quantum Gravity Theory.
In our recent papers [36, 37] we constructed a new model of an infinite (continuous) spin particle, which is a generalization of the twistor formulation of standard (with fixed helicity) massless particle [38, 39, 40] to massless infinite spin representations. As a result of a quantization procedure, we obtained infinite spin fields that demonstrate a transparent decomposition of continues spin irreducible representations into infinite sum of states with all helicities. We stress that for massless case B, irreducible representations are not characterized by definite helicities. Besides, using the field twistor transform, we can now get the space-time-spinorial description of infinite spin fields with integer or half-integer helicities that form a supermultiplet of infinite spins [6, 18] . This paper is based on the results obtained in [36, 37] .
Wigner-Bargmann space-time formulation
The Wigner-Bargmann space-time formulation [2, 3, 4] of the irreducible infinite spin massless representation can be realized by means of quantization of the particle model with the following Lagrangian 
which correspond to the Wigner-Bargmann equations (1.2). The variables e(τ ), e 1 (τ ), e 2 (τ ), e 3 (τ ) are Lagrange multipliers for the constraints (2.2). Nonvanishing Poisson brackets of the constraints
The action S sp.−time = dτ L sp.−time is invariant under the transformations which generated by the quantities
These charges form the Poincaré algebra with respect to Poisson brackets. We see that additional coordinates y m in the arguments of these fields play the role of spin variables. Now by making use of constraints T ≈ 0,
where W m = 1 2 ε mnkl P n M kl are the components of the Pauli-Lubanski pseudovector. Therefore, the model with Lagrangian L sp.−time indeed describes the massless particle with continuous spin. We note that vectors q m and W m = ε mnkl p n y l q l do not coincide to each other and components W m strictly speaking are not canonically conjugated to y m .
After canonical quantization the constraints (2.2) yield the Wigner-Bargmann equations (1.2) for the continuous spin fields Φ(x, y).
Twistorial formulation of continuous spin particles.
Our aim is to reformulate the Wigner-Bargmann model with Lagrangian (2.1) in terms of twistor variables. More precisely we need to construct a twistor particle model which is classically equivalent to the Wigner-Bargmann model with Lagrangian L sp.−time .
Below we will use the following two-spinor conventions about notation. The totally antisymmetric tensor ǫ mnkl has the component ǫ 0123 = 1. We use the set of σ-matrices: σ n = (σ 0 ≡ I 2 , σ 1 , σ 2 , σ 3 ) and the set of dual σ-matrices:σ n = (σ 0 , −σ 1 , −σ 2 , −σ 3 ), where σ i are usual Pauli matrices. We also use standard van der Waerden spinor notation with dotted and undotted spinor indices and raise and lower them by means of metrics: ǫ αβ , ǫαβ and their inverse ǫ αβ , ǫαβ with components ǫ 12 = −ǫ 21 = 1. In particular (σ m )α β = ǫαδǫ βγ (σ m ) γδ . The links between the Minkowski four-vectors and spinorial quantities are
In [36, 37] we propose that the twistorial formulation of the infinite (continuous) spin particle is described by the bosonic Weyl spinors π α ,πα := (π α ) * , ρ α ,ρα := (ρ α ) * ,
and their canonically conjugated spinors
The nonzero Poisson brackets of these spinors are
Twistorial Lagrangian of the infinite (continuous) spin particle is written in the form [36, 37] :
where l(τ ), k(τ ), ℓ(τ ),l(τ ) are the Lagrange multipliers for the constraints
6)
One can check that the first-class constraints (3.4), (3.4), (3.4) generate abelian Lie group which acts in the phase space of spinors (3.1), (3.2) as follows: [38, 39, 40] p αβ = π απβ , q αβ = π αρβ + ρ απβ , (3.9) and by the following generalized incidence relations [38, 39, 40] :
The proof of this Proposition is straightforward and is given in [36, 37] . 
where M = µ/ √ 2 and new variables are defined by the expressions
(4.1)
By means of complex conjugation we obtain the conjugated coordinateszα,s,t and their momentā p 
In terms of new variables (4.1) the constraints (3.4), (3.5), (3.6) of spinorial model (3.3) take very simple form
After canonical quantization [., .] = i {., .} these constraints turn into equations of motion
where differential operators in their left hand sides are quantum counterparts of the constraints (4.2), (4.3), (4.4). In equations (4.5), (4.6), (4.7) wave function (or spinorial field)
is taken in "momentum representation" and describes physical states, which form the space of irreducible representation of Poincaré group with continues spin. The constant c is related to the ambiguity of operator ordering in equation (4.7). In other words, constant c is an analog of the vacuum energy in the quantum oscillator model. Equations of motion (4.5), (4.6) can be solved explicitly in the form
where e iϕ := (p (s) /p (s) ) 1/2 . Due to the constraint (4.7) the coefficient functionsψ (c+k) (p z ,p z ) satisfy the equations
Now we can restore the dependence of the wave function (4.8) on the twistor variables. As result we obtain the following statement. Proposition 2. The twistor wave function which is general solution of the equations of motion (4.5), (4.6), (4.7) is represented in the form
10)
where we make use the shorthand notation (πρ) := π β ρ β , (ρπ) :=ρβπβ and
The coefficient functions ψ (c±k) π,π obey the condition
is the helicity operator.
In view of condition (4.12), to describe the bosonic infinite spin representation related to all integer helicities, we put c = 0 and therefore consider the twistorial field Ψ (0) (π,π; ρ,ρ). Note that complex conjugate fieldΨ (0) also has zero charge c = 0. Similarly, to describe the infinite spin representation related to half-integer helicities we take for c the value
In view of condition (4.12), the corresponding wave function Ψ (−1/2) (π,π; ρ,ρ) contains in its expansion only half-integer helicities. The complex conjugate fieldΨ (+1/2) (π,π; ρ,ρ) possesses the charge c = +1/2. Proposition 3. The twistor wave function Ψ (c) (π,π; ρ,ρ), defined in Proposition 2, describes the massless particle of the infinite (continuous) spin:
Proof. Substitute (4.14) into (4.13) and make use representation (4.10)and equations of motion (4.5), (4.6), (4.7) written it terms of twistor variables
Recall that the twistorial wave function Ψ (c) is complex and therefore all component fields ψ (c±k) (π,π) in its expansion are also complex. In view of this we must consider together with the field Ψ (c) its complex conjugated field (Ψ (c) ) * :=Ψ (−c) which has the opposite charge c → −c.
Twistor transform for infinite spin fields
In this section, we establish a correspondence between twistor fields and fields defined in the four-dimensional Minkowski space-time.
For further convenience we introduce the dimensionless spinor
Then, the twistor wave function Ψ (c) of infinite integer-spin particle (4.10) for c = 0 can be represented in the form [37] Ψ (0) (π,π; ξ,ξ) = δ (πξ)(ξπ) − M e −iq 0 /p 0Ψ (0) (π,π; ξ,ξ) , (5.1)
In the expansion ofΨ (0) , all components ψ (k) (π,π) (k ∈ Z) in general are complex functions (fields). Moreover, the quantity p 0 /q 0 is expressed by means of the generalized Cartan-Penrose representations (3.9) in spinorial form as
In the case c = −1/2, the wave function of the infinite half-integer spin particle is
The expansion of the complex conjugated wave functionΨ (+ 1 2 ) has the form Ψ (+ 1 2 ) (π,π; ξ,ξ) = δ (πξ)(ξπ) − M e iq 0 /p 0Ψ (+ 1 2 ) (π,π; ξ,ξ) , (5.3)
where the component fieldsψ (r) (π,π) are complex conjugation of the component fields ψ (−r) (π,π):
The case of integer spins
In this case the U(1)-charge is zero, c = 0, and the space-time wave function is determined by means of the integral Fourier transformation of twistor field Ψ (0) (π,π; ξ,ξ):
Φ(x; ξ,ξ) = d 4 π e ip αα xα α Ψ (0) (π,π; ξ,ξ) = d 4 π e iπ απα xα α Ψ (0) (π,π; ξ,ξ) , (5.4) where we have used the representation p αα = π απα and perform integration over the measure 
Proof. Make use the integral transformation (5.4) and equations of motion (4.15), (4.16) for c = 0.
The case of half-integer spins
In this case the U(1)-charge equals c = −1/2. Then we use the standard prescription of the twistorial definition of space-time fields with nonvanishing helicities. Namely, we have to insert the twistorial spinor π α in the integrand in the Fourier transformation: Φ α (x; ξ,ξ) = d 4 π e ip ββ xβ β π α Ψ (−1/2) (π,π; ξ,ξ) = d 4 π e iπ βπβ xβ β π α Ψ (−1/2) (π,π; ξ,ξ) , (5.6) and obtain the external spinor index α. Then the complex conjugate twistorial field with charge c = +1/2 is defined analogouslȳ
Φα(x; ξ,ξ) = d 4 π e −iπ βπβ xβ βπαΨ (+1/2) (π,π; ξ,ξ) . and integer spin equations:
Proof. Make use the integral transformations (5.6), (5.7) and equations of motion (4.15), (4.16) for c = ±1/2.
We stress that although the twistorial fields Ψ (−1/2) (π,π; ξ,ξ) andΨ (+1/2) (π,π; ξ,ξ) have nonvanishing charges c = ∓1/2, their integral transformed versions Φα(x; ξ,ξ) andΦα(x; ξ,ξ) have zero U(1)-charge. This fact is crucial for forming infinite spin supermultiplets, as we will see below.
Infinite spin supermultiplet
We unify fields Φ(x; ξ,ξ) and Φ α (x; ξ,ξ) with integer and half-integer helicities into one supermultiplet. The fields Φ(x; ξ,ξ) and Φ α (x; ξ,ξ) contain the bosonic ψ (k) (π,π) and fermionic ψ (k−1/2) (π,π) component fields (k ∈ Z) with all integer and half-integer spins, respectively.
It is natural to expect that individual components ψ (k) (π,π) and ψ (k−1/2) (π,π) of these fields should form the on-shell N = 1 higher spin supermultiplet. Therefore, the bosonic (even) Φ(x; ξ,ξ) and fermionic (odd) Φ α (x; ξ,ξ) fields themselves should form the on-shell N = 1 infinite spin supermultiplet containing an infinite number of conventional supermultiplets.
Similar to the Wess-Zumino supermultiplet (see, e.g., [41, 42] ), we write supersymmetry transformations of the fields Φ and Φ α in the form
where ε α ,εα are the constant odd Weyl spinors. The commutators of these transformations are
where a αβ := ε 1αε 2β −ε 2αε 1β . As we see, the superalgebra (6.2) is closed on-shell on the generator P ββ = −i∂ ββ due to the Dirac-Weyl equations of motion (5.8) . Moreover, the whole system of equations of motion (5.5), (5.8), (5.9) is invariant with respect to supersymmetry transformations (6.2). Using the inverse integral Fourier transformations, we rewrite (6.2) as supersymmetry transformations for the twistor fields Ψ (0) (π,π; ξ,ξ), Ψ (−1/2) (π,π; ξ,ξ) in the momentum representation:
For the bosonic ψ (k) (π,π) and fermionic ψ (− 1 2 +k) (π,π) twistorial components at all k ∈ Z we have δ ψ (k) = ε α π α ψ (− 1 2 +k) , δ ψ (− 1 2 +k) = −2εαπα ψ (k) . (6.4)
The bosonic field ψ (k) and fermionic field ψ (− 1 2 +k) at fixed k ∈ Z describe massless states with helicities (−k) and ( 1 2 − k), respectively. Thus, the infinite-component supermultiplet of the infinite spin stratifies into an infinite number of levels with pairs of the fields ψ (k) , ψ (− 1 2 +k) at fixed k ∈ Z. The supersymmetry transforms the bosonic and fermionic fields into each other inside a given level k. The boosts of the Poincare group transform the levels with different k and therefore mix the fields with different values of k.
In final we point out that superfield description of infinite spin supermultiplet was presented in recent paper [43] .
Summary and outlook
Let us summarize the obtained results.
• We have presented the new twistorial formulation of the massless infinite spin particles and fields.
• We gave the helicity decomposition of twistorial infinite spin fields and constructed the field twistor transform to define the space-time infinite (continuous) spin fields Φ(x; ξ,ξ) and Φ α (x; ξ,ξ).
• We found the equations of motion for Φ(x; ξ,ξ) and Φ α (x; ξ,ξ) and showed that these fields form the N = 1 infinite spin supermultiplet.
• A natural question arises about status of such fields in Lagrangian field theory and also about possibility to construct self-consistent interaction of such fields. One of the commonly used methods for this purpose is the BRST approach, which was used in the case of continuous spin particles in [12] , [21] - [25] . In a recent paper [23] the covariant Lagrangian formulation of the infinite integer-spin field was constructed by using the methods developed in [44, 45] .
